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ANSWERING AN OPEN QUESTION IN FUZZY METRIC SPACES
XINXING WU AND GUANRONG CHEN
Abstract. This paper answers affirmatively Problem 32 posted in [5], proving that, for
every stationary fuzzy metric space (X,M, ∗), the function My(x) := M(x, y) defined
therein is R-uniformly continuous for all y ∈ X , and furthermore proves that the function
M is R-uniformly continuous.
During the last three decades, many research works were devoted to the notion of fuzzy
metric spaces in different ways [1, 2, 8]. To obtain a Hausdorff topology of a fuzzy metric
space, George and Veeramani [3] modified the concept of fuzzy metric space initiated by
Kramosil and Michalek [9] and introduced the fuzzy metric space in a new sense as follows.
Definition 1. (George and Veeramani [3]). A fuzzy metric space is an ordered triple
(X,M, ∗) such that X is a nonempty set, ∗ is a continuous t-norm, and M is a fuzzy set
on X ×X × (0,+∞) satisfying the following conditions, for all x, y, z ∈ X , s, t > 0:
(GV1) M(x, y, t) > 0;
(GV2) M(x, y, t) = 1 if and only if x = y;
(GV3) M(x, y, t) = M(y, x, t);
(GV4) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t + s);
(GV5) M(x, y, ) : (0,+∞) −→ (0, 1] is continuous.
(M, ∗), or simply M , is usually called a fuzzy metric on X , and each value M(x, y, t) can
be understood as the nearness degree between x and y with respect to t.
According to Grabiec [4], the real function M(x, y, ) of Axiom (GV5) is nondecreasing
for all x, y ∈ X . George and Veeramani [3] proved that every fuzzy metric space (X,M, ∗)
generates a topology TM on X , which has as a base the family of open sets of the form
{BM(x, ε, t) : x ∈ X, 0 < ε < 1, t > 0}, where BM(x, ε, t) = {y ∈ X : M(x, y, t) > 1− ε}.
Let (X, d) be a metric space and Md be a function on X ×X × (0,+∞) defined by
Md(x, y, t) =
t
t+ d(x, y)
, for (x, y, t) ∈ X ×X × (0,+∞).
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It can be verified that (X,Md, ·) is a fuzzy metric space, and Md is called the standard
fuzzy metric induced by d. This shows that every ordinary metric induces a fuzzy metric
in the sense of George and Veeramani.
Definition 2. [6] A fuzzy metric M on X is stationary if, for any x, y ∈ X , the function
M(x, y, ) is constant. In this case, write M(x, y) instead of M(x, y, ).
Definition 3. (Gregori et al. [7]). Let(X,M, ∗) be a fuzzy metric space. A mapping
f : X −→ R is R-uniformly continuous if, for any ε > 0, there exist s > 0 and δ ∈ (0, 1)
such that M(x, y, s) > 1− δ implies |f(x)− f(y)| < ε.
Recently, Gregori et al. [5] studied the fuzzy metric defined by M(x, y, t) = min{x,y}+t
max{x,y}+t
and other fuzzy metrics related to it. In particular, they [5] proposed the following question
for the real function M(x, y) on stationary fuzzy metric spaces.
Question 4. [5, Problem 32] Let (X,M, ∗) be a stationary fuzzy metric space. Is the real
function My(x) := M(x, y), for each x ∈ X , R-uniformly continuous for all y ∈ X?
The following theorem proves that the functionMy is R-uniformly continuous for station-
ary fuzzy metric spaces, giving a positive answer to Question 4. Denote N = {1, 2, 3, . . .}.
Theorem 5. Let (X,M, ∗) be a stationary fuzzy metric space. Then, for any y ∈ X, the
function My(x) = M(x, y) is R-uniformly continuous.
Proof. Fix any y ∈ X , suppose on the contrary that My is not R-uniformly continu-
ous. Then, there exists ε0 > 0 such that for any n ∈ N, there exist xn, zn ∈ X with
M(xn, zn) > 1 −
1
n
satisfying |My(xn)−My(zn)| ≥ ε0. Without loss of generality, assume
that limn→+∞My(xn) = ξ and limn→+∞My(zn) = η. Clearly, |ξ − η| ≥ ε0.
Consider the following two cases:
Case 1. If ξ > η, without loss of generality, assume that My(xn) > My(zn) for all n ∈ N.
This, together with M(y, xn) ∗M(xn, zn) ≤M(y, zn), implies that
M(y, xn) ∗M(xn, zn)−M(y, xn) ≤M(y, zn)−M(y, xn) = My(zn)−My(xn) ≤ −ε0.
Then,
0 = ξ ∗ 1− ξ = lim
n→+∞
(M(y, xn) ∗M(xn, zn)−M(y, xn)) ≤ −ε0,
which is a contradiction.
Case 2. If ξ < η, without loss of generality, assume that My(xn) < My(zn) for all n ∈ N.
This, together with M(y, zn) ∗M(zn, xn) ≤M(y, xn), implies that
ε0 ≤My(zn)−My(xn) = M(y, zn)−M(y, xn) ≤M(y, zn)−M(y, zn) ∗M(zn, xn).
Then,
ε0 ≤ lim
n→+∞
(M(y, zn)−M(y, zn) ∗M(zn, xn)) = η − η ∗ 1 = 0,
which is a contradiction.
Therefore, My is R-uniformly continuous. 
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Next, let (X,M, ∗) be a stationary fuzzy metric space and TM be the topology generated
by the fuzzy metric M . Define Mˆ : X2 ×X2 × (0,+∞) −→ [0, 1] by
Mˆ((x1, x2), (y1, y2), t) = min {M(x1, y1),M(x2, y2)} , for ((x1, x2), (y1, y2), t) ∈ X
2×X2×(0,+∞).
From [10, Proposition 4.1, Theorem 4.4], it follows that
(1) (Mˆ, ∗) is a fuzzy metric on X2, i.e., (X2, Mˆ , ∗) is a fuzzy metric space;
(2) the topology TMˆ generated by Mˆ is the product topology for X
2.
Similarly to Theorem 5, the following theorem proves the R-uniform continuity of M on
(X2, Mˆ , ∗).
Theorem 6. Let (X,M, ∗) be a stationary fuzzy metric space. Then, the function
M : (X2, Mˆ , ∗) −→ (0, 1],
(x, y) 7−→ M(x, y),
is R-uniformly continuous.
Proof. Suppose on the contrary that M is not R-uniformly continuous, which means that
there exists ε0 > 0 such that, for any n ∈ N, there exist (xn, zn), (x
′
n, z
′
n) ∈ X
2 with
Mˆ((xn, zn), (x
′
n, z
′
n)) > 1 −
1
n
satisfying |M(xn, zn) − M(x
′
n, z
′
n)| ≥ ε0. Without loss of
generality, assume that limn→+∞M(xn, zn) = ξ and limn→+∞M(x
′
n, z
′
n) = η. Clearly,
|ξ − η| ≥ ε0.
Consider the following two cases:
Case 1. If ξ > η, without loss of generality, assume that M(xn, zn) > M(x
′
n, z
′
n) for all
n ∈ N. This, together with M(xn, zn) ∗M(z
′
n, zn) ∗M(x
′
n, xn) ≤M(x
′
n, z
′
n), implies
that
M(xn, zn) ∗M(z
′
n, zn) ∗M(x
′
n, xn)−M(xn, zn) ≤M(x
′
n, z
′
n)−M(xn, zn) ≤ −ε0.
Then,
0 = ξ ∗ 1 ∗ 1− ξ = lim
n→+∞
(M(xn, zn) ∗M(z
′
n, zn) ∗M(x
′
n, xn)−M(xn, zn)) ≤ −ε0,
which is a contradiction.
Case 2. If ξ < η, without loss of generality, assume that M(xn, zn) < M(x
′
n, z
′
n) for all
n ∈ N. This, together with M(x′n, z
′
n) ∗M(z
′
n, zn) ∗M(x
′
n, xn) ≤M(xn, zn), implies
that
ε0 ≤ M(x
′
n, z
′
n)−M(xn, zn) ≤M(x
′
n, z
′
n)−M(x
′
n, z
′
n) ∗M(z
′
n, zn) ∗M(x
′
n, xn).
Then,
ε0 ≤ lim
n→+∞
(M(x′n, z
′
n)−M(x
′
n, z
′
n) ∗M(z
′
n, zn) ∗M(x
′
n, xn)) = η − η ∗ 1 ∗ 1 = 0,
which is a contradiction.
Therefore, M is R-uniformly continuous. 
4 X. WU AND G. CHEN
References
1. Z.K. Deng, Fuzzy pseudo metric spaces, J. Math. Anal. Appl. 86 (1982) 74–95.
2. M.A. Erceg, Metric spaces in fuzzy set theory, J. Math. Anal. Appl. 69 (1979) 205–230.
3. A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets Syst. 64 (1994) 395–399.
4. M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets Syst. 27 (1989) 385–389.
5. V. Gregori, J. Min˜ana, S. Morillas, Some questions in fuzzy metric spaces, Fuzzy Sets Syst. 204 (2012)
71–85.
6. V. Gregori, S. Romaguera, Characterizing completable fuzzy metric spaces, Fuzzy Sets Syst. 144 (2004)
411–420.
7. V. Gregori, S. Romaguera, A. Sapena, Uniform continuity in fuzzy metric spaces, Rend. Ist. Mat.
Univ. Trieste XXXII (Suppl. 2) (2001) 81–88.
8. O. Kaleva, S. Seikkala, On fuzzy metric spaces, Fuzzy Sets Syst. 12 (1984) 215–229.
9. I. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica 11 (1975) 326–334.
10. J. Min˜ana, A. Sˇostak, Fuzzifying topology induced by a strong fuzzy metric, Fuzzy Sets Syst. 300 (2016)
24–39.
(X. Wu) School of Sciences, Southwest Petroleum University, Chengdu, Sichuan 610500,
China
E-mail address : wuxinxing5201314@163.com
(G. Chen) Department of Electrical Engineering, City University of Hong Kong, Hong
Kong SAR, China
E-mail address : gchen@ee.cityu.edu.hk
